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Preface

This quarterly publication provides archival reports on developments in
programs managed by JPL’s Office of Telecommunications and Data Acquisition
(TDA). In space communications, radio navigation, radio science, and ground-based
radio and radar astronomy, it reports on activities of the Deep Space Network (DSN)
and its associated Ground Communications Facility (GCF) in planning, in support-
ing research and technology, in implementation, and in operations. Also included
is TDA-funded activity at JPL on data and information systems and reimbursable
DSN work performed for other space agencies through NASA. The preceding work
is all performed for NASA’s Office of Space Operations (0SO). The TDA Office
also performs work funded by two other NASA program offices through and with
the cooperation of the Office of Space Operations. These are the Orbital Debris
Radar Program (with the Office of Space Station) and 21st Century Communication
Studies (with the Office of Exploration).

In the search for extraterrestrial intelligence (SETI), the TDA Progress Report
reports on implementation and operations for searching the microwave spectrum. In
solar system radar, it reports on the uses of the Goldstone Solar System Radar for
scientific exploration of the planets, their rings and satellites, asteroids, and comets.
In radio astronomy, the areas of support include spectroscopy, very long baseline
interferometry, and astrometry. These three programs are performed for NASA’s
Office of Space Science and Applications (OSSA), with support by the Office of
Space Operations for the station support time.

Finally, tasks funded under the JPL Director’s Discretionary Fund and the
Caltech President’s Fund which involve the TDA Office are included.

This and each succeeding issue of the TDA Progress Report will present mate-
rial in some, but not necessarily all, of the following categories:

OSO Tasks:
DSN Advanced Systems
Tracking and Ground-Based Navigation
Communications, Spacecraft-Ground
Station Control and System Technology
Network Data Processing and Productivity
DSN Systems Implementation
Capabilities for Existing Projects
Capabilities for New Projects
New Initiatives
Network Upgrade and Sustaining
DSN Operations
Network Operations and Operations Support
Mission Interface and Support
TDA Program Management and Analysis
Communications Implementation and Operations
Data and Information Systems
Flight-Ground Advanced Engineering

0SO Cooperative Tasks:
Orbital Debris Radar Program
21st Century Communication Studies



OSSA Tasks:
Search for Extraterrestrial Intelligence
Goldstone Solar System Radar
Radio Astronomy

Discretionary Funded Tasks
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The First Geocenter Estimation Results Using

GPS Measurements

R. P. Malla!
S.C. Wu
Tracking Systems and Applications Section

The center of mass of the Earth is the natural and unambiguous origin of a geo-
centric satellite dynamical system. A geocentric reference frame assumes that the
origin of its coordinate axes is at the geocenter, in which all relevant observations
and results can be referred and in which geodynamic theories or models for the dy-
namic behavior of Earth can be formulated. In practice, however, a kinematically
obtained terrestrial reference frame may assume an origin other than the geocen-
ter. A fast and accurate method of determining origin offset from the geocenter is
highly desirable. Global Positioning System (GPS) measurements, because of their
abundance and broad distribution, provide a powerful tool to obtain this origin
offset in a short period of time. Two effective strategies have been devised. Data
from the first Central and South America (Casa Uno) global GPS experiment have
been studied to demonstrate the ability of recovering the geocenter location with
present-day GPS satellites and receivers.

l. Introduction

Reference frames are established in order to represent
positions and motions of objects with respect either to the
Earth (terrestrial frames) or to celestial bodies in space
(celestial inertial frames). One of the geophysical require-
ments of a reference frame is that other geophysical mea-
surements can be related to it; for example, the reference
frame used for expressing the Earth’s gravity field as a
spherical harmonic expansion adopts the center of mass
of the Earth as origin. This frame must be related to the
adopted terrestrial frame as well as to the inertial frame in

IMember of Professional Stafl, Sterling Software, Pasadena, Califor-
nia.

which the satellite orbits are calculated. The geocenter is
at a focus of the orbital ellipse of a geocentric satellite dy-
namical system. It is therefore directly accessible through
dynamical methods. But in practice the origin assumed by
a kinematically obtained terrestrial reference frame can be
at some location other than at the Earth’s center of mass.
Any time-dependent offset in a geocentric terrestrial frame
origin from the geocenter can be misinterpreted as plate
motions. In order to avoid such confusion, it is important
to determine as accurately as possible the translational off-
set of the adopted terrestrial reference frame origin from
the geocenter.

Two effective strategies were devised to determine the
reference frame origin offset from the geocenter using



Global Positioning System (GPS) observations. The re-
sults of covariance analyses performed to investigate the
accuracy with which the geocenter position can be deter-
mined with these two strategies have been published in [1].
The analyses indicate that the geocenter position can be
determined to an accuracy of a few centimeters with just
one day of precise GPS pseudorange and carrier phase data
collected by a global GPS tracking network.

Several regional GPS experiments have been carried
out since 1985, but the tracking ground networks have
not been extensive enough to provide the global coverage
needed for accurate geocenter estimation. The Casa Uno
experiment, however, used a semiglobal network stretch-
ing over the South Pacific and across the continental
United States and Europe, thus providing an opportunity
to demonstrate the capability of GPS data for geocenter
determination. The analyses of the results using this set
of data show that the accuracy is strongly limited by a
nonglobal GPS constellation, the received data quality,
and the geometrical distribution of the semiglobal ground
tracking sites.

Il. Two Effective Strategies to Determine
the Geocenter

The two strategies devised in [1] to determine the ori-
gin offset from the geocenter are briefly reviewed here. A
fiducial network consists of two or more GPS tracking sta-
tions whose positions have been determined in an Earth-
fixed coordinate frame to a very high accuracy, usually
by Very Long Baseline Interferometry (VLBI) or Satellite
Laser Ranging (SLR). Several GPS receivers at other, less
accurately known stations also observe the GPS satellites
along with the fiducial network. The data can be pro-
cessed simultaneously to adjust GPS satellite states and
the positions of the nonfiducial sites. The fiducial stations
established by VLBI provide a self-consistent, Earth-fixed
coordinate frame; thus the improved GPS satellite orbits
and the nonfiducial stations can be expressed with respect
to this coordinate frame to a greater accuracy. The fil-
ter process is designed so that the baselines between a
reference site and all other nonfiducial sites are adjusted
along with GPS orbits and the absolute coordinates of
the reference site. The correction to the reference site co-
ordinates infers the adjustment of the geocenter position
coordinates. This concept has been used in Strategy 1,
where one or two fiducial baselines are fixed or constrained
by their a priori uncertainties [1]. The orientation of the
adopted coordinate frame is defined by the fixed baselines,
and the absolute scaling can be fixed either by the length
of these baselines or by the Earth’s gravitational constant
(GM). Both are known to an accuracy of about one part

in 103, The absolute scale derived from the fixed baseline
length allows the coordinate frame thus established to be
consistent with the VLBI frame of the fiducial baselines.

In Strategy 2, only the longitude of a reference site is
held fixed; all other site coordinates are adjusted simul-
taneously along with GPS satellite states. The absolute
scale is provided by the Earth’s GM. The geocentric ra-
dius at a station can be obtained from the adjusted periods
of GPS orbits and pseudorange measurements. The time
signature of the measurements defines the latitude. The
coordinate system thus defined will be an Earth-centered,
Earth-fixed (ECEF) coordinate frame.

The covariance study carried out in 1] assumed a full
constellation of eighteen GPS satellites distributed in six
orbital planes. A data arc spanning over 34 hours from a
network of six globally distributed tracking stations was
also assumed. For Strategy 1, the a priori uncertainty
for the relative positions of the fiducial sites was assumed
to be 3 em. P-code pseudorange and carrier phase data
noise were assumed to be 5 cm and 0.5 ¢cm respectively
when integrated over 30 minutes and corrected for iono-
spheric effects by dual-frequency combination. Carrier
phase biases were adjusted with a large a priori uncer-
tainty. The abundance and broad distribution of the GPS
measurements allow the GPS and station clocks to be
treated as white-noise processes and adjusted to remove
their effects on the solutions. Also adjusted were the zenith
tropospheric delays at all ground sites, which were treated
as random-walk parameters to model the temporal varia-
tion. Such models have proven to be effective in remov-
ing tropospheric errors without heavily depleting the data
strength [2]. The same network of six tracking sites was
also used to assess Strategy 2. The estimated quantities
were the GPS satellite states, the coordinates of all six
sites except for the fixed longitude of the reference site,
white-noise clocks, random-walk troposphere parameters,
and carrier phase biases.

Data arcs of various lengths were used in the covariance
analysis. In Strategy 1, at the end of 34 hours the formal
error in origin offset from geocenter is 4.0 cm (rms of all
three components). The dominating error is due to the
assumed error in the fiducial baselines. Any improvement
in the baseline estimates will therefore directly benefit the
geocenter determination. As the arc length of the data is
increased, the error due to data noise is reduced. On the
other hand, the systematic error due to the fiducial base-
line errors persists. The situation in Strategy 2, however,
is different. Here, under the assumptions of the study,
data noise is the primary error source, which can be re-
duced by increasing the data arc length. In reality there



will be other errors, such as multipath, troposphere mis-
modeling, and higher order ionospheric effects. The origin
offset error from the geocenter—as predicted by the co-
variance analysis using this strategy—was 2.1 cm at the
end of the 34 hours [1].

Ill. Methodology for Processing Casa
Uno Data

The first Central and South America (Casa Unc) GPS
experiment was carried out from January 18 to
February 5, 1988. This experiment was the first civilian
effort at implementing an extended international (15 na-
tions) GPS satellite tracking network [3]. Twelve globally
distributed sites were selected (Fig. 1) to provide improved
global coverage for the geocenter study.

The collected data are from seven GPS satellites in the
constellation, distributed in two orbital planes with a sep-
aration of approximately 120 deg in the right ascension of
the ascending nodes. Both strategies are applied to de-
termine the geocenter location. The analyses present the
achievable accuracy based upon the available suboptimal
tracking conditions during the Casa Uno experiment. For
example, the baselines known to higher accuracies are con-
centrated only within the continental United States and
are relatively short compared to the extensive area covered
by the tracking network; the seven satellites distributed in
only two orbital planes do not provide a good global cov-
erage; and the pseudorange data are not of high quality
due to the antennas and receivers used in this experiment.

For Strategy 1 the Owens Valley Radio Observatory
(OVRO)-Haystack baseline is held fixed. The other ground
station locations, the geocenter location, and the GPS
satellite states are adjusted with respect to the baseline
reference point OVRO. Thus the coordinate system has
the scale and orientation as defined by this fixed base-
line, and the adjustment to the geocenter location gives
the offset of the coordinate frame origin from the geocen-
ter. Table 1 gives the a priori uncertainties adopted for
Strategy 1. In Strategy 2, the longitude of the reference
site OVRO is held fixed, and all the other site coordinates
along with the GPS satellite states are adjusted simulta-
neously. Table 2 lists the a priori uncertainties adopted in
Strategy 2, which differ from those in Strategy 1 (Table 1).

The coordinate systems defined by Strategy 1 and
Strategy 2 have fundamental differences. In Strategy 1
the geocenter offset is determined directly while fixing one
baseline; in other words, the estimated correction to the
geocenter location represents the coordinate frame offset
implied by the two ends of the fixed baseline. In Strat-

egy 2, the coordinate offset is not directly determined. In-
stead, the corrections to all the tracking site coordinates,
except for the reference site longitude, are estimated. The
geocenter offset is inferred from these estimates through
a constrained seven parameter coordinate transformation.
The seven parameters are solved by treating filter esti-
mates of corrections to tracking site coordinates as the
measurements, whereas the measurement covariance ma-
trix is represented by the corresponding filter covariance
plus the a priori covariance of tracking sites. The arbitrar-
ily fixed reference longitude introduces a small rotation
R, about the 7 axis; this rotation is taken into account
by solving for R, while the scale factor and the rotations
about the X and Y axes are kept fixed. The geocenter off-
set is represented by three translational parameters which
are assigned a priori uncertainty of 10 m. The Appendix
gives a full account of the method of seven parameter co-
ordinate transformation.

Since the same tracking network was used for both
strategies, they have similar a priori conditions. For ex-
ample, in both strategies, the a priori geocentric reference
frame, in which the nominal station coordinates are ex-
pressed, is derived from Goddard global VLBI coordinates
for those same sites and is rotated and translated using
the results from SLR data for geocentricity.

IV. Results

Although the Casa Uno ground network was designed
to collect a maximum amount of data with the available
seven GPS satellites, it provides only a semiglobal cover-
age. In order to compensate for this suboptimal circum-
stance, the data strength was increased by using a 5-day
data arc, and the geometrical strength of the network was
improved by constraining the well-known sites with ap-
propriate a priori uncertainties. The a priori uncertainties
assumed for Strategy 1 in this experiment are listed in
Table 1. In the covariance analysis presented in [1] the
GPS Block I ROCK 4 model for solar radiation pressure
was used, where the three parameters G, Gy, and G,
were considered with 10-percent error. The constant ac-
celeration in the y axis Gy is called the y-bias parameter
[4]. In the Casa Uno multiday analysis a new approach
was adopted in which two constant solar pressure param-
eters G, and G, were estimated along with two tightly
constrained process noise parameters G, and G, [2]. The
parameter G, is a combined effect of (G, + G.).

Figure 2 shows the formal rms error in the geocenter
solution using Strategy 1. The error associated with the
geocenter offset estimation due to data noise is 31 cm and



that due to baseline uncertainty is 7.1 cm, resulting in
a total formal rms error in the geocenter offset solution
of 31.8 cm. The effect due to data noise dominates the
error, showing the poor quality of data; however, the error
due to the fixed baseline is also significant. These formal
errors are significantly higher than the 4 cm predicted by
the earlier covariance study because the ground tracking
sites were not uniformly distributed, the fixed baseline was
not long enough to provide a global control, and only one-
third of the GPS constellation was in place during the
experiment. The origin offsets estimated with the Casa
Uno GPS data, with respect to the SLR derived geocenter,
are —142, —33, and —43 cm along the X, Y, and Z axes

(Fig. 3).

Table 2 lists the variation in the a priori uncertain-
ties from Table 1 as applied to Strategy 2. The longitude
at OVRO was fixed and all the other stations had large
a priori sigmas. The same tracking station network was
used in both cases. The estimated parameters include
all the ground station coordinates and the GPS satellite
states. The formal rms error in the geocenter using this
strategy is found to be 21.5 cm, which is due only to the
data noise. The estimated origin oflsets from the nominal
geocenter are —96, —97, and —51 cm along the X, Y, and
Z axes (Fig. 3).

The origin solutions from the two strategies differ from
each other along X, Y, and Z axes by 46, 65, and 8 cm re-
spectively. The rms of these differences is 45.7 cm, which is
the mean origin offset in each component between results
from Strategy 1 and Strategy 2. The geocenter estimates
from Strategy 1 and Strategy 2 agree at the 2-sigma level.
The apparent disagreement in X and Y components be-
tween the GPS and SLR solution is puzzling. It may be
that the baselines between European and U.S. sites are
known less accurately than the 10 cm assumed here. A

recent independent (but inconclusive) experiment gave a
baseline adjustment of up to 50 cm between the station at
Wettzell and the U.S. sites.

The anticipated improvement in data quality, better
GPS constellation, and even distribution of the tracking
stations should in the future improve the accuracy of geo-
center estimation to the few centimeters predicted by the
earlier covariance studies.

V. Summary and Conclusion

The Casa Uno 5-day GPS data arc, despite the uneven
data quality, limited global coverage, and partial satellite
constellation, can recover the geocenter position to an es-
timated accuracy of better than 35 cm using either of two
strategies. The two coordinate frames differ from one an-
other by three translational parameters and one rotational
parameter about the Z axis. The transformation parame-
ters between the two coordinate frames are very sensitive
to the a priori values and constraints applied to the par-
ticipating sites. The discrepancy between the results from
Strategy 1 and Sirategy 2 falls within their 2-sigma error.

With future superior receiver data quality, an evenly
distributed global network including longer fiducial base-
lines, and an increased number of satellites distributed in
more orbital planes, the results are expected to improve to
an accuracy of a few centimeters as indicated by previous
covariance studies. Inclusion of the Deep Space Network
(DSN) sites will provide the well determined global base-
lines that are lacking in the Casa Uno network. Longer
baseline ties to the well-known sites in North America from
Europe and the southern hemisphere will provide a much
stronger network geometry for geocenter determination.
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Table 1. The a prlorl assumptions for geocenter study using
Casa Uno data (one baseline fixed)

Reference site:
Other fiducial sites:
Nonfiducial sites:

GPS constellation:

CutofT elevation:
Data span:
Data interval:

Data noise:

GPS epoch state:

Geocenter position:
(each comp.)

Baseline coordinates:

(relative to OVRO,
each comp.)

Solar pressure:

OVRO
Haystack

Blackbirch, Canberra, Kokee,
Samoa, Cocos, Albrook, Mojave,
Ft. Davis, Wettzell, and Onsala

GPS 11, GPS 3, GPS 4,
GPS 6, GPS 8, GPS 10,
and GPS 9 distributed in
2 orbital planes

15 deg

up to 5 days

6 min

175 cm pseudorange;

1 cmn carrier phase

20 km and 20 m/sec (adjusted)
10 m (adjusted)

Haystack 4 cm (fixed); Ft. Davis
and Mojave—4 c¢m (adjusted);
Wettzell and Onsala—10 cm
(adjusted); Others—1 km each
comp. (adjusted)

Gy and G . (adjusted)

Table 2. Variation of assumptions from Table 1 for Strategy 2

(one longitude fixed)

Reference site:

Reference site coordinates:

Other site coordinates:

OVRO

10 m (latitude)
0 m (longitude)
10 m (height)

10 m each component
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Fig. 1. The Casa Uno tracking sites for geocenter studies.
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Appendix

Seven Parameter Coordinate Transformation

The coordinates of a point in a given Cartesian reference frame can be expressed with respect to any other Cartesian
reference frame as

X AX X
Y =AYy | + (1 + AL)R |Y (A-1)
Z Refl Az Z Ref2

where AX, AY, and AZ are the three translational parameters, and AL is the scale difference between reference frames
Refl and Ref2. The rotation matrix R represents the rotation required about the three axes in order to align the two
reference frames

R = R(R,)R(R;)R(R.)

where R(R;) is the matrix representing a right-handed rotation about the ith axis through an angle R;. The rotation
matrix R is obtained by multiplying the three matrices in sequence, i.e.,

cos R, cos Ry —sin R, sin R;sin Ry sin R, cos Ry + cos R, sin R, sin R, —cosR;sinR,
R = —sin R, cos R, cos R, cos IR, sin R, (A-2)
cos R, sin Ry —sin R, sin R cos Ry sin R, sin R, — cos R, sin R, cos R, cosR;cos R,

For small angle rotations and neglecting products of small angles:

1 R, -R,
R=|-R, 1 R (A-3)
R, —R, 1

Substituting Eq. (A-3) into (A-1) and rearranging the terms gives:

AX = RyZrerz + R;YRetz + (XRetr2 + R:YRerz2 — RyZRer2) AL + (XRerz — XRer1) = 0
AY + RxZRef‘z - RzXR.eD + (YRefZ - RzXRefZ - RIZRef‘E) AL + (YRefQ - YRefl) =0 (A-4)
AZ — R:;YRet2 + RyXper2 + (ZRet2 + RyXRer2 — Rz YRe2) AL + (ZRetz — Zren1) = 0

This set of equations represents the relationship between two closely oriented, closely scaled orthonormal Cartesian
reference frames. Every point appearing in both frames will generate three observation equations, where the seven
transformation parameters (AX, AY, AZ, R,, Ry, R., AL) relating the two frames are to be uniquely estimated. A
unique solution requires two stations with their coordinates known in both reference frames and only one component of
a third station known in both frames. In practice there will be more than three stations participating and the weighted
least squares solution gives the solution for the parameters.

Let Ly represent the observations with corresponding variance-covariance matrix I, so that the weight matrix
P = (X1)7!. Each observed quantity is expressed as a function of the parameters in the model

La = F(Xa) (A-5)



Here L, represents the theoretical values of the observed quantities and X, the theoretical values of the parameters. The
Taylor series linearization gives the observation equation as

V=Ax+ (Lo —Lp)=Ax+L

where V is the residuals; A = 8F/0Xa|xa=Xo Is the matrix of the partials evaluated with respect to the a priori value
X, of the parameters; L = L, — Ly, where L, = F(X,); and x = X, ~ X,. The least squares estimate of x is

% = —(ATPA) 'ATPL (A-6)
with the corresponding covariance matrix
T, = (ATPA)™! (A-7)

If a priori knowledge of the covariance matrix corresponding to the parameters exists, then a constrained least squares
solution of the parameters is given by

% = —(Pox + ATPA)'ATPL (A-8)
and
Sy = (Pox + ATPA)™! (A-9)
where the parameters are constrained by their a priori weight Poy.

The partial matrix A of Eq. (A-3) with respect to the seven transformation parameters, when evaluated with an
a priori estimate of the parameters as zero, would become

[ 100 0 —Zymerz Yimerz  XiRef2 |
010 ZiRem 0 —XiRefz2 YiRef2
001 —YiRez XiRef2 0 Z1Ref2
AGngy = |0 cor cee e (A-10)
100 0 —ZnRefz  YnRef2  XnRef2
010  ZnRer 0 —XnRef2 YnRef2
L 001 —YnRefZ Xnﬂem 0 ZnRef2 §

Matrix A will have dimension (3n x 7) for n participating stations. The weight matrix P of the observation is a full
(3n x 3n) matrix. The vector L is of the form

L@an,1) = [(XiRerz = XiRen1), (YiRer2 = Yirer1), (Z1Rer2 — ZiRef1),

(A-11)
(anef2 - XnRefl)y (YnRefZ - YnRefl)y (ZnRefZ - ZnRefl )]T
The least squares solution is obtained for the parameter vector
X7, = [AX,AY,AZ, Ry, Ry, Ry, ALTY (A-12)
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J. Djomehri, and E. Harabetian
Communications Systems Research Section

The motion of ions in a trapped-ion frequency standard affects the stability of
the standard. In order to study the motion and structures of large ion clouds in a
radio-frequency (rf) trap, a computer simulation of the system that incorporates the
effect of thermal excitation of the ions has been developed. Results are presented
from the simulation for cloud sizes up to 512 ions, emphasizing cloud structures in

the low-temperature regime.

|. Introduction

The development of the trapped-ion frequency stan-
dard at the Jet Propulsion Laboratory (JPL) is motivated
by the potential of this device to achieve stability exceed-
ing one part in 10'7. The basis of the potential for this
remarkable stability performance is the isolation of the
trapped ions from perturbing influences that diminish sta-
bility over averaging intervals greater than several hundred
seconds. In conventional frequency standards such as hy-
drogen masers, these effects include the interaction of the
atoms with confining walls and phase-destructive collisions
of atoms of the same species that are in different energy
states.

The confinement of ions in rf traps (the type employed
in the JPL trapped-ion standard) is accomplished by ex-
posing the ions to an oscillating field, resulting in a force
that acts to direct the ions toward the center of the trap
and away from the trap electrodes. This electromagnetic
containment is dynamic in nature, as will be detailed be-
low. Therefore, since a large source of frequency offset is

10

the second-order Doppler or relativistic time-dilation effect
due to the motion of the ions, it is appropriate to study
the dynamic effects in the rf trap system.

Ions, of course, do not lend themselves to easy visual
observation, so the dynamics of trapped particles are often
indirectly studied through the observation of the motion of
micron-sized particles in a similar trap [1] or by computer
simulations of the confining fields and Coulomb interac-
tions experienced by ions in a trap. The introduction of
computer simulations to the field of trapped-ion dynamics
brings with it a new set of results, which are not from a
laboratory experiment but from “computational” studies
of a model. Naturally, if the model is an accurate represen-
tation of the real system at hand, a computer simulation
using that model should duplicate behavior seen in experi-
ments and that predicted by an accurate theory.

This article presents a study that uses computer simu-
lation to examine the motion of ions confined in rf traps
to determine possible influences on the frequency stability.
While similar studies have been carried out for the case of



a few ions confined in rf traps, the present work includes
results for clusters with as many as 512 ions. Thus, this
study is a more realistic model for actual frequency stan-
dards, where the typical number of confined ions ranges
from 10% to 108.

After a brief review of trapped-ion theory in Section Il
and a description of the simulation in Section III, the com-
putational results are compared with theory in Section IV
and with experiment in Section V. In Section VI, the JPL
simulation is compared to the results from trapped-ion
simulations carried out by other groups, and Section VII
outlines the plans for using this simulation to further in-
vestigate trapped-ion dynamics.

Il. Trapping Theory

The detailed theory of rf ion traps has been treated
previously [2,3,4]. An outline of the theory is presented
here to support the discussion of the computer model.

A Paul-type rf trap consists of three hyperbolic elec-
trodes, as shown in Figs. 1(a) and (b).! Typically, these
electrodes are arranged so that the radius of the trap cavity
7o is /2 times the height of the cavity. An ac voltage with
angular frequency € is applied in series with a dc voltage
between the ring electrode and the two endcap electrodes.

Another type of trap, known as the Penning or dc trap,
is described later in this article. Since a full development
is not necessary in this discussion, the reader is referred
to [2] and [3]. The Penning trap uses the same electrode
configuration as the Paul trap, but the rf portion of the
electric field is replaced by a static magnetic field in the
z-direction. Hence, neither of the fields in this trap is
time-varying.

Applying the Paul trap potentials produces a potential
inside the trap of the form

Voc + Ve cos(Qt
é(r, z) = 21:2 (@)
0

(-2 (1)

The electric field components are obtained by differen-
tiating Eq. (1) as

e (oe , Lacomtin)

2 5
To L}

(2)

1 The linear rf trap described in (8] employs fields similar to the Paul
trap, but consists of four cylindrical rods rather than the hyperbolic
electrodes.

The trapping effect of this field configuration can be
understood as follows. A node exists at the center of the
trap (r = z = 0) where the electric field is zero; thus, there
is no force on a charged particle located there. Depending
on the sign of the tf term, at any given time the field is
pointing toward the node in one direction and away {rom
the node in the other. It can also be seen in Eq. (2) that the
ficld magnitude increases with increasing distance from the
node. This behavior of the field in the interior of the trap
leads to a net force that, when averaged over one rf cycle,
is directed toward the node [1]. This “ponderomotive” [5]
force is what draws charged particles toward the node,
trapping them inside the electrodes.

The equations of motion of a single ion subject to the
force due to the electric field in Eq. (2) can be expressed
using the two dimensionless constants

4CVDC 2eV, C
= ) q9=- j_z (3)
mQ2rg mQry

to represent the trapping parameters, and a dimensionless
time parameter

T = 51 (4)

In this formulation, the equations of motion become forms
of the Mathieu differential equation

o

i —(a — 2qcos(2r))r (5)

dr?
for either radial dimension (z or y), and

d°z

dr?

= 2(a — 2qcos(27))= (6)

for the axial dimension z. In the expressions for a and
q, ¢ and m denote the charge and mass of the contained
particle, respectively.

The solutions of Egs. (5) and (6) reveal that an jon
influenced by the fields of a Paul trap undergoes a fast
rf motion with the same frequency Q as the driving ac
potential, and a slow *secular” oscillation, which in the
one-dimensional case carries it back and forth through the
trap node.

When more than one ion of the same charge-to-mass

ratio is present in the trap, each ion has its own equation
of motion, consisting of a trapping term as above and a
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Coulomb term containing the electrostatic interaction of
all other ions. The motion in Cartesian coordinates z, y,
and z of singly ionized atoms of mass m is described by
the set of differential equations

d’z; i (z; — =0)
- = —(a—2q cos(27))zi — reomi2? ; r;'?j (@)
dzy.' B 2 (yJ - yi)
-5 = —(a —2q cos(21’))y. T reom@? 2}: r?j (8)
and
d?z; ¢’ (2 ~ =)
e 2(a - 2q cos(27)) zi — megmQ? ; r?j ©

Here, z;, yi, and z; are the Cartesian coordinates of the
ith ion, and r;; signifies the distance between ions i and j.

lIl. Model for the Simulation of Trapped-lon
Dynamics

Equations (7), (8), and (9) completely describe the
trapping and interparticle Coulomb effects on each ion in
a cloud of arbitrary size. Because the interest here is the
low-temperature behavior of collections of ions, a damp-
ing that is proportional to particle velocity is introduced
in order to cool the ions. This adds a final term to the
differential equations

2.,
(Zl‘; = —(a = 2gcos(2r)) z;
7
e? (zj — i) 2D dz;
wepm§? ; r;’.’j Q dr (10)
dy;
dry2 = - (a - 2q cos(?r))y,-
e? (v —v) 2D dy
A
and
2,.
((lirz?, = 2(0 -2 cos(?r)) 2
e? (z; — %) 2Ddz
" TeomQ? ; ,»;3]. - Q dr (12)
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where D is a coefficient of the damping. Once again, the
factor of 2/ in the third term of each of these equations
appears because of the change of variable to dimensionless
time 7. The inverse of the damping coefficient 1/D is
known as the damping time 74 of a system with damping
D.

In a manner similar to the case of particles undergoing
Brownian motion, a random walk in velocity is introduced,
which simulates the process that sustains ion motion in
the presence of damping, thus preventing the temperature
from reaching zero. The growth in kinetic energy stem-
ming from this random-walk step in velocity is balanced
by the velocity damping introduced in the above equations
of motion. This balance determines the size of the random-
walk step that yields the desired final temperature.

The signature of a random-walk progression is that the
mean square of the quantity in question increases linearly
with the number of steps A in the walk [6). Here, this
quantity will be a velocity in the space of the dimensionless
parameter 7, denoted as

dz

U= ar

Thus, the magnitude of the random-walk step in the di-
mensionless time space Av, must cbey

<12 >=N(Av,)? (13)

or in terms of the usual velocity v,

< da:2>_4< d.r2>
dr EYE dt

4 2
=g <v > = N(Av;)*

(14)

(15)

Introducing a short dimensionless time interval h be-
tween random-walk steps so the A steps of length A rep-
resent a span of dimensionless time 7,

2
—4— <vi>= %(Av,)Q = T———(Av)

2 h (16)

and, hence,

(d <v? >>m _ 02 (Av)? (17



where rw suggests that this is due to the random walk.
This is no more than a restatement of the fact that the
mean square of the velocity grows linearly in time in the
random walk. The growth of < v2 > due to the random
walk is balanced by the damping of velocity per the damp-
ing terms in Egs. (10), (11), and (12). The term due to
damping becomes

d(vz)_ 4. 9
o _—aDv (18)

For this damping term, it can be shown that when the
interval over which v? is averaged is small in comparison
to 74/2, < v? > = v%. Then

(d < v? >) _ (d(v2)>
dr damp dr damp

=—€-D<v2> (19)

Setting the sum of the two terms to zero to balance the
effects yields

d<v?> d<v?> d<v?>
= + [ ——
dr dr rw dr damp

Q% (Av,)? 4 2

To get a random direction of the change in velocity,
a separate random walk is taken in each of the Cartesian
directions z, y, and z. Therefore, the Av, in Eq. (20) is the
size of the step in any one of these dimensions, and v? is the
velocity squared in any one dimension. The temperature
T of the system is introduced by use of the equipartition
of energy

%kgT: %m<v2 >

Making this substitution for < v? > and solving for

Av, in Eq. (20) yields the magnitude of the random-walk
step in one dimension:

16DhkpT
A=y @)

The sign of this velocity boost is determined by using a
random-number generator that chooses each sign 50 per-
cent of the time.

The approach to simulating a system described by these
equations is obviously to determine the time evolution of
the position-momentum states of the particles. The ne-
cessity of a constant small time step h in the random-walk
formulation of temperature creates an ideal situation in
which to use a fourth-order Runge-Kutta integration, with
a constant time step, of the differential Eqs. (10), (11), and
(12). The time between the random-walk steps k will also
be the time step of the integration routine, so that the ran-
dom walk can be executed at each integration step. The
only requirement on the size of h is that it is small enough
so that the errors (of the order h%) are “small enough.” In
the case that the Runge-Kutta integration is calculating a
specific numerical solution, one checks the solution by cut-
ting & in half and checking that the two solutions agree [7].
In the case described here, where the integration is pro-
ducing the motion of the ions in time, the appropriateness
of the size of A can be checked by determining that halving
h does not produce any noticeable increase in smoothness
of the motion. In the cases examined, it was found that an
integration step of 1/20 the period of the rf-driven motion,
h = 27/20Q, gives the desired precision.

The integration will give the three components of po-
sition and velocity for each particle at each step of the
integration. This position-momentum state contains all
the information about the system; other descriptions of
the system are just obtained from the position-momentum
state as appropriate. For instance, to obtain a kinetic en-
ergy for the entire cloud at any given time, the velocities
of each particle are used to compute mv?/2, and summing
this quantity over each particle in the cloud gives an in-
stantaneous total kinetic energy.

IV. Comparison of Results of the Model
With Theory

Verification that the modeling of trapping voltages and
Coulomb interactions is an accurate representation of a
system of ions in a trap can be performed by checking
the behavior of ions in situations readily calculable from
the equations of motion. For instance, it was previously
mentioned that an ion in the rf field oscillates with a slow
secular motion in addition to the fast driven motion (the
“micromotion”). The secular frequencies are given by [§]
as

212
9 e“Vie eVpc
= 22
“r 2m2Q2r) + mrd (22)

and
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2¢2V3
wz — AC

2¢Vpe
) (23)

20024
m2Q2r; mr§

These quantities are easily calculated for any combina-
tion of the trapping voltages. In particular, if either V¢
or Vpe is zero, the expressions for secular frequencies re-
duce to a single term. Another simple case for which this
happens is the so-called “spherical” case often employed in
trap operation, in which w? and w? are chosen to be equal
by setting

€V2C
Voc(spr) = gm—ém (24)
o
which gives
2172
Wl =w? = 2 Vac (25)

2 om2Qrd

To isolate the trapping and Coulomb forces, the pa-
rameters D and T in Egs. (10), (11), (12), and (21) are
simply set to zero. Then a simulation of a single ion in
the trap clearly shows the micromotion (if Vac # 0) and
the slower secular oscillation, as in Fig. 2. The period of
the oscillation can then be found by measuring the time
between three successive zero-crossings of the position ver-
sus time graph. Since the position data exist only at each
integration step h, the location in time of a zero-crossing
is determined only to the accuracy of :!:%h.

The values obtained from the simulation of the peri-
ods T corresponding to these frequencies and the corre-
sponding values from the above theory are summarized in
Table 1. The agreement of the periods and the smooth si-
nusoidal motion seen in Fig. 2 indicate that the integration
of the trapping and Coulomb terms is working properly.

If the temperature parameter accurately models ordi-
nary temperature in kelvins, then, as previously suggested,
the particles should have a thermal energy of %kBT per de-
gree of freedom. This can be checked in the simulation by
computing the mean-square velocity of the guiding center
of motion, that is, a < v? > that does not include the
driven micromotion of the particles. This is done by com-
puting the motion in time of the average position of each
particle over a micromotion period, and then averaging the
square of this quantity over all ions and over a satisfactory
span of time.

For various degrees of damping and number of ions
Nions, the computational value of v? is in agreement with
the theoretical value given by the equipartition of energy,
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as summarized in Table 2 for T'= 0.005 K and m = 137
atomic mass unit (amu). The uncertainties reported are
computed as the standard deviation in the N measure-
ments.

The theoretical value is within the uncertainty range of
each of the computational values. This indicates that a
random walk in velocity space is a valid model of temper-
ature.

V. Comparison of the Results of the Model
With Experiments

Another way to examine the validity of using this simu-
lation is to compare the ion dynamics with results observed
by experimenters who have trapped charged micron-sized
particles in an rf trap. Using a suitable magnification
method, these particles can be observed visually or pho-
tographed. Thirty-two particles trapped with an rf field
only (Vpc = 0) have been seen to have a “crystalline”
state where the particles arrange themselves in three con-
centric circles containing 4, 14, and 14 particles [4]. This
photograph is shown in Fig. 3(a); the appearance of each
particle as a line is due to the fast micromotion. Simulat-
ing this situation gives a similar “photograph” when the
z—y positions of all particles are plotted over one period of
the micromotion, Fig. 3(b).

When Vpc # 0 and there are many (x100) charged
particles in a dust trap, experimenters have seen a char-
acteristic picture in which the large micromotion of the
particles farthest away from the node maps out the elec-
tric field pattern of the trap, as shown in Fig. 4(a) [4]. In
a simulation of 128 particles, the plot of their motions in
three dimensions yields a similar picture, Fig. 4(b).

Experiments in which small numbers of ions in an
rf trap are caused to visibly fluoresce have been carried
out [9]. These experiments indicate that with Vpc =0, a
pair of ions has a stable configuration in which the pair is
situated symmetrically about the node in the z = 0 plane,
Fig. 5(a). With Vpc > Vpc(spn), however, the z direction
is preferred, and the most stable configuration is with the
pair centered about the node in the r = 0 plane, Fig. 5(b).
These results may be understood from the use of a har-
monic pseudopotential that is derived through the force
on a trapped particle averaged over one rf cycle [2]: in
the first case, with Vpc = 0, the restoring force in the
pseudopotential well is four times as strong in the r di-
rection as in the z direction. However, in the case that
Vbc > Vpe(spn), the force is stronger in the axial (z) di-
rection.



Duplicating these situations in the simulation produces
the same most stable configuration in each case. Further-
more, the nature of the potential well is evident in noting
the progress of the system toward this configuration when
the initial conditions are far from it. For instance, the ions
may be started on the z = 0 plane, with the voltages set in
the Vpc > Vpe(spn) case. Note that by Eq. (2), there is no
trapping force in the z direction on a particle situated at
z = 0. Hence, the trapping force alone would never bring
the particles cut of the 2 = 0 plane no matter how deep
the well in the z direction! In the actual system, of course,
collisions with the atoms of the buffer gas will knock the
ions off the plane, allowing the force to have nonzero com-
ponents in both directions. The ions can then drop into
the well.

It is evident that in a computer model, some noise that
can mix the r and z directions in this way must be in-
cluded [10]; in the simulation described here, the random
walk in velocity provides this noise. Starting the ions cen-
tered about the node on the z = 0 plane produces motion
as shown in Fig. 6, which is obtained by plotting the po-
sitions of the two ions when they are near the maxima of
their secular oscillation for several secular periods. Ini-
tially the ions oscillate only in the r direction; then the
random-walk step moves the ions off the z = 0 plane.
Note the symmetry of the system: the ions stay oppo-
site one another as if connected by a spring, as suggested
by the dashed lines between the pairs of ions. Now that
the trapping force has both r and z components, the ions
can move toward their most stable configuration along the
z axis. They “overshoot” the z axis due to the angular mo-
mentum they have from being drawn toward the axis, and
then return, precessing about the axis in this manner (sug-
gested by the solid arrows) until the motion is damped out
and the ions sit quite stably along the axis with only slight
vibrations around their equilibrium positions (Fig. 7).

VI. Comparison to Other Simulations

Although there are no other large-scale simulations of
rf traps, simulations [12] of large numbers of ions in a
Penning trap have been conducted. These are based on the
notion that, disregarding the motion due to the confining
fields, confined ions are regarded as thermal particles with
a mutual Coulomb repulsion in either type of trap. This
repulsion keeps the ions quite far apart from one another,
similar to states observed in a one-component plasma [11].

A useful way to describe the energy state of a plasma is
by its coupling constant T', which is the ratio of Coulomb
energy to thermal kinetic energy, or e?/akgT. Here a is

an average distance between the ions, kp is the Boltzmann
constant, and 7 is temperature.

If T is << 1, the thermal energy is much greater than
the Coulomb energy, and the ions may be expected to
move quite freely as thermal particles without much regard
to the comparatively weaker Coulomb force. However, if
I' >> 1, the Coulomb energy exceeds the kinetic energy,
and less thermal motion would be expected in the ion sys-
tem. The theory predicts a solid-like state with very little
thermal motion for I' > 180, and a liquid-like state with an
intermediate level of thermal diffusion for 2 < T < 180 [5].

The Penning trap simulations have shown that in the
spherical case, when the coupling I' between the ions is
large, the ions form into concentric spherical shells cen-
tered on the trap node. Qualitative agreement, with the
exception in some cases of the presence of cylindrical shells
rather than spheroids, is seen in actual experiments on
many Penning-trapped ions, which can be visually ob-
served by causing the ions to fluoresce [13].

The simulation described here has also shown this be-
havior for ion clouds of up to 512 ions. This is shown in
Figs. 8(a), (b), and (c) for several cloud sizes by plotting
the positions of the ions in two dimensions as |z| versus
Vz? 4+ y2. This picture has the effect of sweeping around
all ¢ (the longitudinal angle in spherical coordinates) and
folding into one quadrant. Using this representation, the
adding of additional shells with increasing numbers of ions
due to their Coulomb repulsion is clear: 128 ions arrange
themselves in three shells, 256 ions in four shells, and for
512 ions a fifth shell is necessary. By taking the “photo-
graph” during the crystallization process, information is
gained on the process itself. It is seen in Fig. 9 that in this
512-ion case, the ion density begins to build up on what
will be the fifth (outer) and the fourth shells in Fig. 8(b)
while the ions are still mixing with respect to one another.

It has been reported that for very large T, the ions on
the outer shell of a large ion cloud will have very little
thermal motion, in accordance with the strongly coupled
plasma theory. Furthermore, these ions arrange them-
selves into a two-dimensional hexagonal lattice on the sur-
face of the shell [12]. The simulation described here also
produces this result in both 128- and 256-ion clouds. The
lattice itself can be examined in a polar plot (8 versus ¢) as
in Fig. 10(a), or in a “time-lapse” three-dimensional plot
of ions on the hemisphere, Fig. 10(b).

The lattice can also be examined in a more quantitative

fashion by considering the spatial correlation of the ions on
the outer shell. The coordination number function C(s)
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describes the average number of ions within a distance s of
one ion, and the correlation function ¢(s) is given in terms
of C(s) as [12]

/0’ 2nse(s)ds = C(s) (26)

A regular two-dimensional hexagonal lattice has six
nearest neighbors to any one point, and eighteen next-
nearest neighbors, so the function C(s) when plotted
against s should show horizontal shoulders at C(s) = 6
and C(s) = 18. The correlation function can be obtained
from C(s) by Eq. (26).

For the 128-ion cloud in Figs. 10(